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FOREWORD

Continuing the series of Conferences in Mysore, India (2000), Warsaw, Poland (2002-
04), Izmir, Turkey (2005), Mashad, Iran (2006), Amman, Jordan (2007), Aachen,
Germany (2008), Zagazig, Egypt (2010), Murcia, Spain (2012), Bedlewo, Poland
(2014), Piraeus, Greece (2016), Cadiz, Spain (2018) the Local Organizing Committee
is pleased to welcome you to the 14th International Conference on Ordered Statistical
Data which will be held at Lloyd’s Baia Hotel in Vietri sul Mare (SA), Italy, May
24th - 27th, 2022.

The conference will bring forth recent advances and trends in the mathematical
theory of ordered statistical data, in order to facilitate the exchange of research ideas,
promote collaboration among researchers from all over the world, and contribute to
the further development of the field.

The meeting will be dedicated to all aspects of ordered statistical data, including:

Approximations
Bounds
Characterisations
Recurrence Relations
Distribution Theory and Probability Models
Stochastic Orders
Reliability Theory and Survival Analysis
Censoring
Concomitants
Statistical Interference
Applications of Ordered Data
Information and Entropies
Nonparametric Methods
Ranked Set Sampling
Asymptotic Theory
Applications in Biology, Social Sciences, Environmental Sciences.
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• Felix Belzunce: Recent advances in the comparison of dependent random vari-
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• Jorge Navarro: Predicting record values by using bivariate distortions
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Some properties of a class that contains increasing failure rate
distributions

I. Araba, P.E. Oliveiraa and T. Landob,c

aCMUC, Department of Mathematics, University of Coimbra, Portugal.

bVSB Technical University of Ostrava, Czech Republic.

cDepartment of Economics, University of Bergamo, Italy.

Abstract

We study a family of distributions characterized by the convexity of their odds func-
tion, or equivalently by the increasingness of their corresponding odds rate (IOR),
showing that this is a necessary condition for the increasing hazard rate property
(IHR) and coherent with the notion of “adverse ageing”, in other words, the class
of IOR distributions is larger than the one of IHR distributions. The IHR distribu-
tions are dominated by the unit exponential w.r.t the convex transform order (CTO)
introduced in Van zwet, as for the IOR distributions, they are dominated by the
log-logistic distribution, a distribution that is dominated by the unit exponential
and possesses some nice properties with regard to its lack of memory. We prove
some preservation properties of this class under several transformations that are of-
ten considered in reliability and life testing problems, including formation of order
statistics. Moreover, the IOR assumption enables the derivation of survival bounds
and tolerance limits (cf. Barlow 1964a, Barlow 1964b and Zimmer et al. 1998),
extending the scope of applicability of some known results for IHR distributions .

References

1. Van zwet, W.R., 1964. Convex transformations of random variables. MC
Tracts.

2. Barlow, R.E., Marshall, A.W., 1964a. Bounds for distributions with monotone
hazard rate. i. Ann. Math. Statist. 35, 1234–1257. doi:10.1214/aoms/1177703281.

3. Barlow, R.E., Marshall, A.W., 1964b. Bounds for distributions with monotone
hazard rate.ii. Ann. Math. Statist. 35, 1258–1274. doi:10.1214/aoms/1177703282.

4. Zimmer, W.J., Wang, Y., Pathak, P.K., 1998. Log-odds rate and monotone
log-odds rate distributions. Journal of Quality Technology 30, 376–385.
doi:10.1080/00224065.1998.11979873.
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On Linear Prediction

N. Balakrishnan

McMaster University Hamilton, Canada

Abstract

In this talk, I will introduce the problem of optimal linear prediction. First, I will pro-
vide some historical results in this direction. Then, I shall describe some interesting
(strange) properties of optimal predictors and their interpretations!
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Confidence bands for exponential distribution functions un-
der progressive type-II censoring

S. Bedbur

Institute of Statistics, RWTH Aachen University

Abstract

Based on a progressively type-II censored sample from the exponential distribution
with unknown location and scale parameter, confidence bands for the underlying
distribution function are constructed by using confidence regions for the parameters
and Kolmogorov-Smirnov type statistics. Formulas for the boundaries and for the
coverage probabilities of the confidence bands are derived, and the performance of
the bands is compared in terms of band width and area by means of a data example.
Extensions of the results to related models for ordered data, such as sequential order
statistics, as well as to other underlying location-scale families of distributions are
discussed.

References

1. Mies, F. & Bedbur, S. (2017) On the coverage probabilities of parametric confi-
dence bands for continuous distribution and quantile functions constructed via
confidence regions for a location-scale parameter. Ann. Inst. Statist. Math.
69(4), 925–944.

2. Bedbur, S. & Mies, F. (2022) Confidence bands for exponential distribution
functions under progressive type-II censoring. J. Stat. Comput. Simul. 92(1),
60–80.
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Relaxing the increasing convex order: p0-tail value at risk or-
der

A.J. Bello Espinaa, J. Mulerob, M.A. Sordoa and A. Suárez-Llorensa

aDpto. Estad́ıstica e Investigación Operativa, Universidad de Cádiz, 11510 Puerto Real,

Spain
bDpto. Matemáticas, Universidad de Alicante, Ap. 99, E-03080 Alicante, Spain

Abstract

The tail value at risk at level p, with p ∈ (0, 1), is a risk measure that captures the
tail risk of losses and asset return distributions beyond the p quantile. Given two
distributions, it can be used to decide which is riskier. When the tail values at risk
of both distributions agree, whenever the probability level p ∈ (0, 1), about which of
them is riskier, then the distributions are ordered in terms of the increasing convex
order. The price to pay for such unanimous agreement is that it is possible that
two distributions cannot be compared despite our intuition that one is less riskier
than the other. In this work, we introduce a family of stochastic orders, indexed by
confidence levels p0 ∈ (0, 1), that require agreement of tail values at risk only for
levels p > p0. We present its main properties and compares it with other families of
stochastic orders that have been proposed in the literature to compare tail risks. We
illustrate the results with a real data example.
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Recent Advances on the Comparison of Dependent Random
Variables

F. Belzuncea, C. Mart́ınez-Riquelmea

aUniversidad de Murcia, 30100 Espinardo (Murcia), Spain

Abstract

In this talk we present some recent results on the topic of stochastic comparisons
taking into account the possible dependence among the two random variables. We
consider results in two directions. The first one considers comparisons of X − Y
and Y − X, being X and Y the two random variables to be compared. When we
compare X − Y and Y −X in terms of the usual stochastic order we provide a non
parametric test for this condition. Motivated by the application of this new test to
real data sets we introduce a new joint stochastic order based on the comparison of
X−Y and Y −X in terms of the increasing convex order. The other direction is the
comparison of the residual lives [X − t|X > t, Y > t] and [Y − t|X > t, Y > t]. Fol-
lowing the ideas of the weak joint hazard rate order, where the two previous random
variables are compared in terms of the usual stochastic order, we consider a mean
residual life type order by comparing the expected values E[X − t|X > t, Y > t] and
E[Y − t|X > t, Y > t].

This work is supported by the Ministerio de Ciencia e Innovación de España bajo el
proyecto PID2019-103971GB-I00/AEI/10.13039/501100011033.
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A unified formulation of entropy and its application

N. Balakrishnana, F. Buonob and M. Longobardic

aMcMaster University, Canada, bala@mcmaster.ca
bUniversity of Naples Federico II, Italy, francesco.buono3@unina.it
cUniversity of Naples Federico II, Italy, maria.longobardi@unina.it

Abstract

A general formulation of entropy is proposed [1]. It depends on two parameters and
includes Shannon, Tsallis and fractional entropy, all as special cases. This measure
of information is referred to as fractional Tsallis entropy and some of its properties
are then studied. In order to introduce the corresponding entropy in the context of
Dempster-Shafer theory of evidence, the definition and some properties of the frac-
tional Deng entropy are given [2]. Finally, it is presented an application of fractional
version of Tsallis-Deng entropy to a classification problem.

Keywords. Measures of information, Shannon entropy, Tsallis entropy, Fractional
entropy, Deng entropy, Dempster-Shafer theory of evidence.
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On the prediction of future failure times with quantile regres-
sion techniques

J. Navarroa and F. Buonob
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Abstract

The prediction of the future failure times in a sample from early failures (type II
censoring data) is a task of great interest [1,3]. A study on both the case of indepen-
dent and dependent lifetimes is presented [2]. In both cases we assume identically
distributed random variables. To predict the future failures, the quantile regression
techniques are used and confidence regions for them are also provided. Some illustra-
tive examples show how to apply the theoretical results to simulated and real data
sets.

Keywords. Order statistics, Copula, Distorted distributions, Quantile regression,
Type II censoring.
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On the variability of some measures of uncertainty and dis-
crimination
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Abstract

Kerridge inaccuracy measure [Kerridge 1961] and Kullback-Leibler divergence [Kull-
back, Leibler 1951] are useful tools to measure the discrepancy and the similarity
between two random variables. In this presentation, in analogy with the concept
of varentropy [Fradelizi et al. 2016], we introduce new indices of variability [Buono
et al. 2021] for these measures. Some related properties, bounds and examples are
presented. Finally, we show an application of Kullback-Leibler divergence and its
dispersion index by using the mean-variance rule.

References

1. Buono, F., Cal̀ı, C., Longobardi, M. (2021) Dispersion indices based on Ker-
ridge inaccuracy and Kullback-Leibler divergence. Preprint: arXiv:2106.12292v2.

2. Fradelizi, M., Madiman, M., Wang, L. (2016) Optimal Concentration of Infor-
mation Content for Log-Concave Densities. High Dimensional Probability VII,
45–60.

3. Kerridge, D. F. (1961). Inaccuracy and inference. J. R. Stat. Soc. 23, 184–194.

4. Kullback, S., Leibler, R.A., (1951). On information and sufficiency. Ann.
Math. Statist. 22, 79–86.

8



Conference OSD 2022 Book of Abstracts

Some remarks on the cumulative information generating func-
tion

A. Di Crescenzoa, M. Capaldoa and A. Meolia
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Abstract

An important concept in Information Theory is the entropy of a random variable,
introduced by Shannon in 1948 aiming to describe the uncertainty in the outcome of
a random experiment. Several generalizations and variations have been proposed in
the literature. Among them, we recall the cumulative residual entropy introduced by
Rao et al. [6] and the cumulative entropy by Di Crescenzo and Longobardi [3]. Re-
cently, generalized and fractional versions of these information measures have been
defined respectively in [5] and [7] for the cumulative residual entropy, and in [4] and
[2] for the cumulative entropy. It is noteworthy the connections between these en-
tropies and various notions of interest in reliability theory. Aiming to introduce a
mathematical tool suitable to deal with these measures, we define the cumulative in-
formation generating function (CIGF). The latter allows to obtain some information
measures related with the cumulative distribution function and the survival function.
We study several results for the CIGF, with some bounds. We illustrate also some
properties, including that the CIGF is a variability measure along the definition given
in [1].
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Structural properties of (progressive) hybrid censoring schemes

E. Cramer

Institute of Statistics, RWTH Aachen, Germany

Abstract

Recently, Górny and Cramer (2018) have shown that (progressive) hybrid censoring
schemes can be decomposed into some basic module types. In particular, this de-
composition can be used to simplify the derivation of the distribution of the MLE for
exponentially distributed lifetimes and leads to compact expressions of the MLE’s
density function in terms of B-splines.
A more detailed analysis of (progressive) hybrid censoring shows that further struc-
tural properties can be established which particularly explain similarities in both
statistical inference and probabilistic analysis. In particular, the results obtained
show that many findings can be directly deduced from the case of Type-I and Type-
II censored data. Applications to likelihood inference, Bayesian estimation, and
Fisher information are presented to illustrate impacts of these properties.
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Stochastic EM Algorithm for Generalized Exponential Cure
Rate Model and an Empirical Study

Katherine Daviesa, Joynob Siddiquab and Suvra Palc

aUniversity of Manitoba, Winnipeg, CANADA
bUniversity of Manitoba, Winnipeg, CANADA
cUniversity of Texas at Arlington, Texas, USA

Abstract

In this talk, we consider two well-known parametric long-term survival models,
namely, the Bernoulli cure rate model and the promotion time (or Poisson) cure
rate model. Assuming the long-term survival probability to depend on a set of risk
factors, the main contribution is in the development of the stochastic expectation
maximization (SEM) algorithm to determine the maximum likelihood estimates of
the model parameters. We carry out a detailed simulation study to demonstrate the
performance of the proposed SEM algorithm through calculated bias, mean square
error and coverage probability of the asymptotic confidence interval. For this pur-
pose, we assume the lifetimes due to each competing cause to follow a two-parameter
generalized exponential distribution, although one is free is choose any competing
cause lifetime distribution. We also compare the results obtained from the SEM
algorithm with those obtained from the well-known expectation maximization (EM)
algorithm. For illustrative purposes, we analyze a breast cancer survival data and
present the model fitting results for both estimation techniques studied here. Finally,
we use a graphical method to assess the goodness-of-fit of the model with generalized
exponential lifetimes.
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Paradoxical aspects in probability, game theory and voting
theory

Emilio De Santisa and Fabio Spizzichinoa

aDipartimento di Matematica, Università di Roma La Sapienza, Italy

Abstract

We address the questions of identifying 1-dependent Markov chains and some stop-
ping times that realize an assigned majority graph. More precisely, for any digraph
G = ([n], ~E), that is, an oriented graph without self-loops and 2-cycles, one can
construct a 1-dependent Markov chain and n identically distributed hitting times
{T1, . . . , Tn} on this chain such that the probability of the event {Ti > Tj}, for any

i, j = 1, . . . , n, is larger than 1
2

if and only if (i, j) ∈ ~E. We apply this result to
answer to questions on a generalization of the Penney’s game (see [1]).
In the second part of the talk we define the ranking pattern that can be seen as a
multivariate generalizetion of the majority graph. We show that, for any given rank-
ing pattern σ, one can explicitly construct a load-sharing dependence model that is
concordant with σ. Such results can be applied in some different fields. In particu-
lar, we develop applications of them in the context of voting theory [2], [3], see also [4].
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Maximum likelihood estimators based on discrete component
lifetimes of a k-out-of-n system

A. Dembińskaa and K. Jasińskib
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Abstract

So called k-out-of-n systems form an important class of systems studied in reliability
theory. These systems consist of n elements and work as long as at least k of the
elements function. Since such technical structures have some redundancy they find
various applications in engineering when highly reliable products are needed.
In my talk I will consider maximum likelihood (ML) estimation of an unknown pa-
rameter of common distribution of component lifetimes of a k-out-of-n system. I will
focus on the case when the component lifetimes are discrete and independent random
variables. First I will present regularity conditions under which the ML estimators
of interest exist almost surely for all sufficiently large n and are strongly consistent.
Next I will look more closely at three typical discrete failure distributions—Poisson,
binomial and negative binomial—and show that in these cases the ML estimators
are unique, provided they exist, and that they are strongly consistent. Finally I
will concentrate on the case when component lifetimes are geometrically distributed
and will give a closed-form formula for the ML estimator in this case. Moreover,
restricting the attention to n-out-of-n systems I will be able to derive some finite-
sample properties of the ML estimator of the geometric parameter. In particular I
will obtain its bias and mean squared error.
The talk will be based on results presented by Dembińska and Jasiński (2021, 2022).
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2. Dembińska A. and Jasiński K. (2022) Likelihood inference for the geometric
component lifetime based on k-out-of-n system failures data. Manuscript.

14



Conference OSD 2022 Book of Abstracts

Some results on the weighted mean inactivity time function

Antonio Di Crescenzoa, Abdolsaeed Toomajb
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Abstract

The concept of mean inactivity time (MIT) plays a crucial role in reliability, risk
theory and life testing. We recall that for a non-negative absolutely continuous
random variable X denoting the lifetime of a system or a component, the MIT
function of X is defined by

µ̃(t) = E[t−X|X ≤ t] =
1

F (t)

∫ t

0

F (x) dx, t ∈ D,

where D := {t > 0 : F (t) > 0} and F (x) = P(X ≤ x) is the cumulative distribution
function of X. We introduce an extension of the MIT function, named weighted
mean inactivity time (WMIT) function and defined as

µ̃ψ(t) = µ̃ψ(X)(t) = E[ψ(t)− ψ(X)|X ≤ t] =
1

F (t)

∫ t

0

φ(x)F (x) dx, t ∈ D,

where φ(x) is a non-negative and differentiable function for all x ∈ [0,∞), and where

ψ(x) :=

∫ x

0

φ(u) du, x ≥ 0.

is the corresponding cumulative weight function.
We provide some connections among the variance of transformed random variables,
the WMIT function and the weighted generalized cumulative entropy. The latter
notion is a shift-dependent measure of uncertainty which is of interest in applied
contexts. Moreover, we discuss some characterizations and preservation properties
for stochastic comparisons based on the WMIT function.
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Prediction of Future Sports Records Based on Record Values

C. Empacher and U. Kamps

Institute of Statistics

RWTH Aachen University

52056 Aachen GERMANY

Abstract

The consideration and collection of data and its analysis is gaining more and more
attention in several sports disciplines. For example, in US-sports like baseball, bas-
ketball and American football, data regarding many aspects of a game, team or
player is recorded and analysed since many years. This trend can be observed in
other areas of sports, such as athletics, as well. Predictions and forecasts are an
interesting part in sports analytics. Previous works on forecasting athletic records
are mainly based on extreme value theory; see, e.g., Einmahl and Magnus (2008),
Noubary (2010), Einmahl and Smeets (2011), Fraga Alves et al. (2013), Stephenson
and Tawn (2013). In this talk, maximum product of spacings prediction (Volovskiy
and Kamps, 2020) is applied to predict future records based on data of previous
ones. Moreover, exact and approximate prediction intervals (see, e.g., Raqab et
al. (2007)) are shown and compared with regard to their expected lengths and their
probabilities of coverage. The lower and upper record values are assumed to be based
on a sequence of independent and identically distributed random variables having a
power function distribution and a Pareto distribution, respectively. The choice of
distributions is discussed. The results are applied to data from various disciplines
of athletics as well as to American football data by considering the evaluation of
players by assigning so-called fantasy football points to players’ actions according to
the points per reception scoring scheme (Empacher et al., 2022).
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Reversing Conditional Orderings

R. Foschia and F. Spizzichinob
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bUniversità degli Studi di Roma, La Sapienza

Abstract

Stochastic orderings between random variables (or random vectors) constitute pri-
mary tools for the description and the characterization of concepts of stochastic
dependence.
Specially in a statistical setting, the following problem is of interest: what can be said
about dependence of X w.r.t. Y when we assume that Y is stochastically increasing
w.r.t. X in some specified sense? Attention to this topic has been given several times
in the literature under different stand-points or different languages.
Here we consider stochastic orderings between conditional distributions, also called
conditional orderings. We will analyze some specific aspects concerning such order-
ings and relations among them.
For scalar random variables X and Y , we consider different conditional orderings of
the form

L (Y |X ∈ I) ≤∗ L (Y |X ∈ I ′) , (1)

where I, I ′ are sets of different types and ≤∗ stands for ≤st, ≤hr or ≤lr. We analyze
implications or equivalences concerning such relations.
A concept of reversed conditional ordering will in particular emerge from our discus-
sion and our results will point out some symmetries existing between the mentioned
univariate stochastic orderings ≤st, ≤hr, ≤lr and different types of conditional or-
derings (where a “type” of ordering can be defined in terms of the possible choices
for the sets I, I ′ appearing in the above formula). More precisely, a reversion of a
conditional ordering of the form (1) consists in one of the form

L (X|Y ∈ J) ≤∗̃ L (X|Y ∈ J ′) , (2)

for suitable choice of the stochastic order ≤∗̃ and of the sets J, J ′.
It is known that conditional orderings define notions of positive dependence. We will
analyze here positive dependence properties corresponding to the considered condi-
tional orderings and we will see how results concerning implications and equivalences
between conditional orderings can be translated in terms of dependence notions.
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Then we will point out some direct applications of our results to dependence notions
related with conditions of default contagion and to the case of conditional indepen-
dence between X and Y . Suitable extensions to multivariate cases are possible.
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A general growth curve and its stochastic generalizations
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Abstract

Stochastic models generalizing deterministic growth curves play an important role in
modeling several dynamic phenomena, ranging from economics to medicine. The talk
focuses on a quite general growth curve able to unify the classical cases of Malthusian,
Richards, Gompertz, Logistic and some their generalizations. Here two stochastic
models are obtained by introducing a moltiplicative and an additive noise to the
deterministic equation. By considering a suitable parametrization of the growth
equation, we show that the resulting processes are non homogeneous lognormal and
gaussian respectively. For them we find the transition probability density function
and the conditional and unconditional moments, so to prepare the field for the in-
ference of the processes involved, as well as for the estimation of parameters.
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Bounds on expected order statistics based on the monotone
reversed failure rate distributions

Agnieszka Goroncya, Tomasz Rychlikb
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Abstract

Danielak [Statistics 27, 305-324, (2003)], and Goroncy and Rychlik [Metrika 79,
635–657, (2016)] presented the sharp positive upper mean-variance bounds on the
expectations of order statistics with relatively high ranks based on independent iden-
tically distributed random variables with the decreasing and increasing failure rates,
respectively. In this paper we determine analogous evaluations in the dual cases
when the parent distributions have monotone reversed failure rates.
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Approximation of the empirical copula process revisited: A
simple plug-in estimator
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Abstract

Copulas are used in a wide domain of application and are usually estimated by the
empirical copula. This estimator is simply derived from the ranks of data points
in each dimension. Although the asymptotics of the empirical copula process are
widely known, only few estimators for the covariance of this process are present.
Therefore, we present a simple plug-in estimator for the covariance of the empirical
copula process, i.e., the empirical copula itself. Additionally, an algorithm for the
computation of the variance of arbitrary boxes in the domain of the empirical copula
is presented. Thus, the variability of an estimate, e.g., of the survival copula or
orthant probabilities can be determined. We illustrate the finite sample properties
of the new estimator for dimensions d ≥ 2 in a simulation study and give an outlook
on possible applications.
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Extremal dependence between maxima of concomitants
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Abstract

The problem of finding methods to describe the extremal dependence among multi-
ple time series has rapidly become attractive in recent years, due to the vast variety
of fields where its practical implications are of interest. However, providing handy
tools to assess such dependence is still challenging. An empirical method has been
recently developed by Dacorogna and Cadena, where the authors provide a statistical
approach to explore the dependence among extreme risks. The purpose is to develop
further this problem from a theoretical point of view. The mathematical formaliza-
tion that we propose involves the concept of concomitants of order statistics, widely
studied in the literature. We focus on the asymptotic dependence between maxima
of concomitants: Specifically, order a bivariate sequence of n i.i.d. random variables
(X, Y ) on the basis of the X-variable, and call the extreme set of the sequence
(Xn, Yn) the subset of couples where the first component is one of the k largest order
statistics (k fixed). Consider the vector formed by the maxima of the concomitants
belonging to the extreme set and to its complementary set. We study how the bi-
variate extremal dependence of (X, Y ) influences the asymptotic joint distribution of
the two maxima of concomitants. Revisiting a pivotal work by Joshi and Nagaraja,
we propose an alternative way to tackle the problem, which allows us to consider the
cases where upper tail dependence is present.
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Multi-Normex approach based on ordered statistics for eval-
uating the sum of heavy tailed random vectors.
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Abstract

Looking for the most accurate possible evaluation of the distribution of the sum of
random variables, or vectors, or processes, with unknown distributions, has always
been a classical problem in the probabilistic and statistical literature, with various
answers depending on the given framework and on the specific application in view.
On one hand, (uni- or multivariate) Central Limit Theorems (CLT) or Functional
ones prove, under finite variance for the sum components or/and additional condi-
tions, the asymptotic Gaussian behavior of the sum with some rate of convergence,
focusing on the ’body’ of the distribution. When considering heavy-tailed marginal
distributions, Generalized CLT with the convergence to stable distributions, handle
the case of infinite variance (see e.g. Samorodnitsky and Taqqu (1994) and Petrov
(1995), and references therein), while, in the case of finite variance, an alternative
way is to consider trimmed sums, removing extremes from the sample, to improve
the rate of convergence; see e.g. Mori(1984) and Hahn(1991) and references therein.

When interested in tail distributions, CLTs may give poor results, especially when
considering heavy tails. That is why different approaches have been developed,
among which: (i) large deviation theorems, (ii) extreme value theorems (EVT) fo-
cusing on the tail only, (iii) hybrid distributions combining (asymptotic) distributions
for both the main and extreme behaviors when considering independent random vari-
ables (see e.g. Csörgö et al. (1988), Zaliapin et al. (2005), Kratz (2014), and Müller
(2019); we use the name given in Kratz (2014) for this type of hybrid distribu-
tion/method/approach, namely Normex distribution/method/approach.

Recall briefly the idea of Normex (for ’Norm(al)-Ex(tremes)’) method. It consists
of rewriting the sum of n random variables as the sum of their ordered statistics,
and splitting it into two main parts, a trimmed sum removing the extremes, and
the extremes. Using that the trimmed sum of the first n − k − 1 ordered statistics
is conditionnally independent of the k largest order statistics, given the (n − k)-th
order statistics, we can express the distribution of the sum, integrating w.r.t. to the
(n− k)-th order statistics and using a CLT for the conditional trimmed sum, and an
EVT one for the k largest order statistics. Note that a benefit of Normex approach

24



is that it does not require any condition on the existence of moments, as the CLT
applies on truncated random variables.
It is natural to extend the normex approach to a multivariate framework. With
this goal of proposing a multi-normex method and distribution, we consider iid
random vectors X1, . . . ,Xn, with parent random vector X having a heavy-tailed
d-dimensional distribution FX and density fX (when existing). Note that there are
different ways to define multivariate extremes. The chosen way in this paper is
w.r.t. the norm ‖ · ‖ in Rd, meaning that the ordered (w.r.t. the norm) vector of
(X1, . . . ,Xn), denoted by (X(1), . . . ,X(n)), satisfies

‖X(1)‖ ≤ ‖X(2)‖ ≤ · · · ≤ ‖X(n)‖.

We propose two versions of multi-normex. The first one, named d-Normex, is a
natural extension to any dimension d of the univariate (d = 1) normex method as
developed in Kratz (2014): We approximate the distribution of the trimmed sum via
the CLT and consider the distribution of the maximum X(n). This latter distribution
is approximated via the Extreme Value theorem in the second multi-normex version,
named MRV-Normex.

Aiming at proving the benefit of using a multi-normex distribution for a better fit
of the whole (unknown) distribution F, assuming F heavy-tailed in the sense of
‖X‖ ∈ RV−α, i.e. regularly varying rv with α > 0, we focus analytically on the case
α ∈ (2; 3] (when ‖X‖ has a finite second moment, but no third moment), to com-
pare the rates of convergence when using the CLT and the multi-normex approach,
respectively.

Note our focus on heavy tailed distributions (i.e. distributions belonging to the max
domain of attraction of Fréchet), where the impact of using Normex distribution will
be much stronger than in the light tail case (because of the one big jump principle),
in particular for risk analysis and management. We prove that the normex approach
leads, as expected, to a better speed of convergence for evaluating the distribution
of the sum than the CLT does, for such type of heavy-tailed distributions. When
varying the fatness of the tail measured by α > 0, we draw this comparison numeri-
cally, using e.g. geometrical multivariate quantiles.
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Abstract

We deal with the problem of comparing the lifetimes of k-out-of-n systems with i.i.d.
components with respect to ageing properties, by relying on the theory of stochastic
orders. If we assume that the lifetime of each component is distributed according to
a common parent distribution, say F , then the lifetime of the system is represented
by the order statistic Xk:n, corresponding to a random sample of size n from F .
Similarly to most decision problems in other research fields, the “best” performance
of a k-out-of-n system may be represented by i) larger magnitude, or location, and ii)
smaller risk or dispersion, since lifetime predictability is always preferable. Usually
these aspects are considered separately, in terms of stochstic orders. Differently, the
increasing concave order (ICV) enables comparisons of random variables in terms of
both magnitude and dispersion, therefore combining aspects i) and ii) into a single
preorder, that is, ICV expresses preference for the systems that have a tendency to
have longer or, at least, less risky lifetimes. We determine sufficient conditions for
ICV between order statistics, from the same or from different parent distributions,
based on two related aspects, namely, i) ranks and sample sizes and; ii) information
available on the parent. Conditions on i) consist of checking different inequalities
(involving ranks and sample sizes), whereas those on ii) consist of checking whether
the parent distribution belong to some classes, defined through the convex transform
order of van Zwet (1964). Such classes include the increasing failure rate family and
the increasing odds rate class. As a basic principle, larger classes (that is, less precise
information on the parent) correpond to more stringent inqualities, and vice versa.
Such an approach is suitable in a nonparametric framework, since there is no need
to specify the model, once that we know that it belongs to one of these classes.
Therefore, we propose nonparametric tests, to infer from data whether the parent
distribution belongs to one of the classes considered, as this is a crucial aspect in
our study. The suitable testing methodology may depend on the class, however, we
mostly explore testing techniques that are based on the greatest convex minorant.
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Abstract

Probability plots are still used in today’s statistical software and analysis as a
straightforward tool for graphical goodness-of-fit tests and outlier detection. In this
work, probability plots for extreme value (EV) distributions are developed through
the generalized least-squares estimation method and a convenient approximation of
the first two moments of order statistics from the standard EV distributions. The
proposed probability plots lead to unbiased graphical estimators of parameters and
are compared with competitors by means of pivotal quantities that avoid the mas-
sive numerical investigations usually presented for similar purposes in the literature.
Although more efficient biased solutions can be found theoretically, a Monte Carlo
simulation study demonstrates the obtained parameter estimators achieve adequate
performances in terms of mean square deviation from the true value. A real-case
study regarding wind speed data collected at a candidate wind farm site in Southern
Italy is also presented. The results demonstrate the proposed probability plot to ef-
fectively support EV analysis and assist practitioners in the selection of the optimal
turbine class to be installed.
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Abstract

We prove large (and moderate) deviations for a class of linear combinations of spac-
ings generated by i.i.d. exponentially distributed random variables (see e.g. [1] as
a reference on large and moderate deviations). We allow a wide class of coefficients
which can be expressed in terms of continuous functions defined on [0, 1] which sat-
isfy some suitable conditions. In this way we generalize some results proved in [3]
which concern the empirical cumulative entropies defined in [2].
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Abstract

Let T1, ..., Tr be non-negative random variables (r.v.’s), and let T1:r, T2:r, · · · , Tr:r be
the associated order statistics with marginal survival functions

Gk:r(t) = P(Tk:r > t), t > 0, k ≤ r.

As well known, the joint distribution of T1, ..., Tr can be described in terms of their
survival copula K and of their marginal survival functions Gi(t) = P(Ti > t). Fur-
thermore, when T1, ..., Tr are absolutely continuous, their joint distribution can be
described in terms of the associated multivariate conditional hazard rate (m.c.h.r.)
functions. Therefore, conceptually, also the joint distribution, and the marginal dis-
tributions of the stochastic order statistics as well, could be expressed in terms either
of K and Gi(t) or of the family of the m.c.h.r. functions.

In the first part of this talk we review a recent work [see Foschi, N., Spizzichino
(2021)] concerning some detailed and simple formulas for Gk:r(t), in the case when
T1, ..., Tr are minimally stable, i.e., for any subset A = {j1, ..., j`} ⊆ {1, 2, .., r},

P
(

min
j∈A

Tj > t
)

= P
(

min
j∈{1,...,`}

Tj > t
)
, ∀ t > 0.

The interest for the marginal distributions Gk:r within this class of r.v.’s has emerged
in the field of systems’ reliability, independently in Marichal, Mathonet, Wald-
hauser (2011), and in Navarro, Fernández-Sánchez (2020) [see also Navarro, Rychlik,
Spizzichino (2021)].

Clearly exchangeability is a sufficient condition for minimal stability, whereas identi-
cal marginal distribution is a necessary one. When the common marginal distribution
is continuous then minimal stability is equivalent to the requirement that the survival
copula K be diagonal dependent, according to the definition in Navarro, Fernández-
Sánchez (2020).
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In the second part we discuss the following related questions

1) When the m.c.h.r. functions are given, how can one check whether the given model
is minimally stable?

2) How can one construct a minimally stable model which is not exchangeable?

or equivalently

How can one construct a diagonal dependent copula which is not symmetric?
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Abstract

1. Bivariate distortions.

The representation of univariate distributions as distortions of other univariate dis-
tributions has been a useful tool in the study of comparisons and aging properties of
coherent systems (see [1]).
Similar representations can be obtained for bivariate distributions. The bivariate
distortions were introduced in [3] as an alternative option to the classical copula
representation. A bivariate distribution function F is a bivariate distortion of two
univariate distribution functions G1 and G2 if it can be written as

F(x, y) = D(G1(x), G2(y))

for all x, y, where D : [0, 1]2 → [0, 1] is a bivariate distortion function, that is, it
is 2-increasing, continuous and satisfies D(0, v) = D(u, 0) = 0 for all u, v ∈ [0, 1]
and D(1, 1) = 1. D can be extended to all the real numbers to be a bivariate
distribution function with support included in [0, 1]2. A similar representation holds
for the respective reliability functions.
The above distortion representation is similar to a copula representation and so,
many of their properties continue to hold. For example, it can be used to get the
conditional distribution functions and to predict one variable from the other by using
quantile regression techniques (see [3]).
However, note that D is not always a copula and that G1 and G2 are not always
equal to the marginal distribution functions of F. The main advantage is that these
representations are more flexible and, sometimes, they allow us to get simple ex-
pressions. For example, in some cases, we can choose G1 = G2 even if the marginal
distributions do not coincide.

1Supported by Ministerio de Ciencia e Innovación of Spain under grant PID2019-108079GB-
C22/AEI/10.13039/501100011033.
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2. Predictions of record values.

We consider upper record values but similar results can be obtained for lower record
values. If X1, X2, . . . , is a sequence of i.i.d. random variables with a common reli-
ability (or survival) F̄ , then the first upper record is R1 = X1 and the ith record
value for i = 2, 3, . . . is Ri = Xj where j is the minimum value such that Xj > Ri−1.
The goal is to predict Rs from Rr (or from R1, . . . , Rr) for s > r ≥ 1.
To this end we will use a distortion representation for (Rr, Rs) by writing their joint
reliability function Ḡr,s as

Ḡr,s(x, y) = D̂r,s(F̄ (x), F̄ (y))

for all x ≤ y.
This representation will be used to get the conditional reliability function of (Rs|Rr =
x) and then to obtain quantile predictions for Rs and confidence intervals for that
predictions. Specific results were obtained for the proportional hazard rate (PHR)
model. In practice, the risk parameter of that model can be estimated by using the
preceding record values. A case study in reliability is considered as well.
The results showed in this talk were obtained in the paper [2].
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Abstract

In step-stress accelerated life-testing (SSALT), the units of interest are tested under
various stress conditions changed (usually increased) at different intermediate time
points. It is commonly assumed that the lifetimes of the tested items are exponen-
tially distributed on each stress level and the impact of the experienced stress change
follows the cumulative exposure model. The main interest in a SSALT experiment
lies mostly on inference for the mean lifetime (failure rate) at each stress level, [1].
Typically, these results are extrapolated to the normal operating conditions by using
a life-stress relationship, for example the log-link connection, [2]. In this talk, the
problem of testing the scale parameter in the SSALT model is considered by following
the approach for constructing test procedures based on exponential spacings, pro-
posed in [2]. For the simple SSALT under Type-II censoring, several modifications
of the log-likelihood ratio statistic (LRS), derived in [3], are suggested by making use
of the independent and scale invariant properties of the normalized spacings. The
presented methods aim to eliminate the dependence of the exact LRS critical regions
on the unknown lifetime parameters. The obtained results and LRS are further ex-
tended to the case of multilevel SSALT under the log-link assumption. With the help
of a simulation study, it is shown that in some cases the presented test procedures
have a power advantage under the multilevel experiment designs compared to the
simple step-stress setup.

Keywords: Censored data; Likelihood-ratio test; Normalized exponential spacings;
Scale invariant statistics.
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Abstract

Given a random vector (X, Y ) and the risk levels v ∈ [0, 1] and u ∈ [0, 1], in order to
study the risk of the component Y , two well known measures of risk are V aRv(Y )
and CoV aRv,u(Y |X), that stands for V aRv(Y |X = V aRu(X)).

We compare the risk measures V aRv(Y ) and CoV aRv,u(Y |X) in terms of the risk-
level of the conditional variable, u. Sufficient conditions are provided, in terms of the
copula, under which there exists u∗ ∈ (0, 1) such that, for all u ≥ u∗, CoV aRv,u(Y |X)
lies above V aRv(Y ) for all v ∈ (0, 1). The analytical expression of such u∗ is provided
for several bivariate copula families.
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Abstract

Field experiments are run under two competing objectives, high precision, and min-
imal cost. The precision can be increased by either using sound experimentation
techniques that account for the sources of variation with reasonable statistical mod-
els or increasing the sample size. Large sample sizes usually increase the cost of the
experiment and may not be feasible. This paper uses order restricted randomized
designs (ORRD) to increase the precision while keeping the sample size and cost of
the experiment minimal. The ORRD described here starts with a randomized block
design but adds a second layer of blocking by ranking plots within each block. This
creates a two-way lay-out, blocks and ranking groups, and uses a restricted random-
ization to improve the precision of estimation of the treatment parameters. Ranking
groups create a correlation structure for within-block units. The restricted random-
ization uses this correlation structure to reduce the error variance of the experiment.
The paper computes the expected mean square for each source of variation in the
ORRD design under a suitable model. It also provides approximate tests for treat-
ment and ranking group effects. The efficiency of the ORRD is investigated through
empirical power studies. Finally, an example based on a uniformity trial illustrates
the use of the method in a split-plot experiment.

Keywords: Latin square, randomized block design, replicated Latin square, row-
column design, order restricted randomization.
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Abstract

Relative spacings are relative differences between order statistics. Given two prob-
ability models, it is often of interest to study which one has larger relative spacings
under different probabilistic criteria. In this work we obtain sufficient conditions
in terms of the expected proportional shortfall order for the comparison of relative
spacings. As an application, we compare income distributions in terms of relative
deprivation and we characterize this condition within several parametric families.

Keywords: order statistics; expected proportional shortfall order; relative spacings;
increasing convex order; relative deprivation
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Abstract

We focus on the estimation of the entropy of the dynamical system {Xα(t), t ≥ 0},
where the stochastic process Xα(t) is the fractional Riemann-Liouville integral of
order α ∈ (0, 1) of a Gauss-Markov process. The numerical approximation of the
entropy is obtained by means of an algorithm suitably devised in order to perform
the simulation of sample paths of such processes and then by computing the ap-
proximation of the entropy called ApEn. Due to the main rule in the theory and
applications played by the Brownian motion and the Ornstein-Uhlenbeck process,
we firstly investigate the fractional integrals of such processes and their entropy. We
put in evidence the relation between the value of α and the complexity degree; we
show that the entropy of Xα(t) is a decreasing function of α ∈ (0, 1).
Furthermore, we aim to study the fractal dimension of the trajectories of Xα(t), in
order to find its dependence from α ∈ (0, 1). We expect to obtain a similar behavior
as for the entropy, namely this characteristic dimension should be a decreasing func-
tion of α.
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Abstract

There is a well-known connection between order statistics and a common renewal
process. Namely, the joint distribution of the first n occurrence times of a Poisson
process conditioned on the event of n occurrences up to time t coincides with the
joint distribution of n order statistics from a uniform distribution on the interval
(0, t) (see, e.g., Karlin and Taylor 1998, Resnick 1992). This so-called “order statis-
tics property” and its extensions gave rise to a variety of articles studying related
properties and characterizations of point processes (see, e.g., Debrabant 2012, Feigin
1979, Puri 1982, Shaked et al. 2004). In this talk, some respective results from
the literature are exemplified and a record-values property associated with a renewal
process is considered and analyzed. This fact leads to a class of joint distributions of
ordered random variables containing the record model as a particular case. Several
distributional examples along with relations to intermediate order statistics and a
Liouville distribution are shown.
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Abstract

We consider the standard and kth record values arising in sequences of independent
identically distributed continuous and positive random variables with finite expecta-
tions. We present the optimal upper bounds on the moments of various orders of nth
values of kth records expressed in the scale units being the respective powers of the
first population moment. The bounds depend on the type k of the record, its number
n and the moment order α. We also present the conditions on the parameters k, n
and α under which finiteness of the population mean does not guarantee finiteness
of the αth moment of the nth value of kth moment.
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Abstract

Given two random variables that represent the lifetime of two different systems, it is
often desired to compare their ageing behaviours. The star-shape order, introduced
by Barlow and Proschan (1975), captures the meaning of a system ageing faster than
another. Thus, it becomes of interest to establish comparison criteria between two
given distributions F and G, with respect to this order relation. Unfortunately, since
the star-shape order depends on the star-shapedness of G−1 ◦F , this becomes rather
difficult when the distributions or the quantile functions do not have explicit closed
formulas or manageable ones. Saunders and Moran (1978) proposed a criterion to
order families of distributions depending on one real parameter, with respect to this
order relation. However, this criterion might not be applicable when considering
the lifetime of complex systems, as these usually depend on several parameters. We
obtain a new criterion for the star-shaped order by extending the result given by
Saunders and Moran (1978) for families of distributions indexed by more than one
parameter. This new criterion is then applied to obtain star-shape comparability
between parallel and series systems with different component’s behaviour, extending
the results proved by Kochar and Xu (2011, 2014). These new results contrast with
the ones obtain in Arab et al. (2020), where non-comparability w.r.t the convex
transform order (stronger than the star-shape order) was established.
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A multivariate class of priors based on stochastic orders with
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Abstract

For the study of robust Bayesian analysis, we will introduce the uncertainty in multi-
varite prior distribution by using a new class of prior distribution, based on weighted
distributions, stochastic orders and multivariate total positivity of order 2 (MTP2).
Not only a new definition for the class will be provided but also its interpretation and
the main properties. In addition, we will measure the uncertainty induced by that
new class, as well as its effect on the posterior distribution, considering the Hellinger
metric and the Kullback-Leibler divergence. In order to apply the new class, we will
conclude with a real application about train door reliability in underground trains,
showing the result obtained and an interpretation of these results.

Key Words: Robustness Bayesian Analysis, prior class, stochastic orders, weight
functions, multivariate distributions.
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Continuous-time statistics and generalized relaxation equa-
tions
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Abstract

Using two simple examples, the continuous-time random walk as well as a two state
Markov chain, the relation between generalized anomalous relaxation equations and
semi-Markov processes is illustrated. This relation is then used to discuss continuous-
time random statistics in a general setting, for statistics of convolution-type. Two
examples are presented in some detail: the sum statistic and the maximum statistic.

References

1. Scalas E. (2017) Continuous-time statistics and generalized relaxation equa-
tions. Eur. Phys. J. B. 90, 209.

46



Conference OSD 2022 Book of Abstracts

Comparing strong risk aversion in Yaari’s dual theory of risk
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Abstract

In Yaari’s (1987) dual theory, attitudes towards risk are characterized by a function
(called distortion) that modifies the underlying tail probabilities before calculating a
generalized expected risk. In this context, Wang and Young (1998) provided motiva-
tion, both from the economic and statistical approaches, for a sequence of distortion-
free partial orderings of risks. However, this approach may be inadequate to compare
behaviors of strong risk aversion, where the agents are mainly concerned with losses
above some threshold value. Our purpose is to overlap this gap and provide mo-
tivation, both from economic and statistical approaches, for weaker distortion-free
partial orderings of risks when the agents behavior is focused on aversion to very
large losses. The first non-trivial expected record value plays a central role in this
framework.
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The method of multivariate conditional hazard rates: recent
developments and applications.

Fabio Spizzichino

Sapienza University, Rome, Italy

Abstract

Attention will be essentially focused on some different aspects of stochastic depen-
dence for an n-tuple of non-negative random variables X1, ..., Xn. As usual, the
symbols X1:1, ..., Xn:n will denote the corresponding order statistics. The variables
X1, ..., Xn will be interpreted as lifetimes and their joint probability distribution
can be generally described by means of thejoint survival functionF (s1, ..., sn) :=
P (X1 > s1, ..., Xn > sn).
It will be also natural to assume that one-dimensional marginal distributions of
X1, ..., Xn are continuous with invertible survival functions G1, ..., Gn respectively,
so that stochastic dependence is normally described in terms of the corresponding
survival copula

K (u1, ..., un) := F
(
G
−1

1 (u1), ..., G
−1

n (uu)
)
,

for uj ∈ [0, 1] , j = 1, ..., n. More specifically, we will focus on the absolutely contin-
uos case, where the joint distribution is characterized by the joint density function
f (x1, ..., xn):

F (s1, ..., sn) =

∫ +∞

s1

∫ +∞

s2

..

∫ +∞

sn

f (x1, ..., xn) dx1...dxn.

In such a case the no-tie condition P (X1:1 < ... < Xn:n) = 1 necessarily holds and,
besides the survival copula K, one can also use the density function f as a tool to
express properties of stochastic dependence. In particular it can be used to obtain
the expressions for conditional probabilities of the form

P (Xj1 > sj1 , ..., Xjk > sk|Xi1 = x1, ..., Xih = xh) . (3)

A central aspect of interest in this talk is the circumstance that -in the absolutely
continuos case- the joint distribution of X1, ..., Xn can also be described in terms of
the family of the multivariate conditional hazard rate (m.c.h.r.) functions, which are
defined as follows:

λj(t|∅) := lim
∆t→0+

1

∆t
P (Xj ≤ t+ ∆t|X1:m > t), (4)
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and, for k = 1, ..., n− 1, 0 ≤ t1 < ... < tk ≤ t,

λj(t|i1, . . . , ik; t1, . . . , tk) :=

lim
∆t→0+

1

∆t
P (Xj ≤ t+ ∆t|Xi1 = t1, . . . , Xik = tk, Xk+1:m > t.) (5)

From an analytic viewpoint, the two descriptions are equivalent. In fact, in view
of above definition, one can write a formula which ties the density to the m.c.h.r.
functions and vice-versa.
However, such descriptions are really very different in nature, at least for respects
that we can summarize as follows. Typically, for models whose density has a simple
form, the m.c.h.r. functions can be rather involved, and vice-versa. In particular,
models that emerge by imposing idealized conditions on the survival copula (e.g.,
Archimedean models) are very different from load-sharing models, which are de-
scribed by most friendly m.c.h.r. functions.
One can claim furthermore that the two methods reveal to be respectively conve-
nient to highlight different features of stochastic dependence. The method of the
m.c.h.r. functions is specially apt to describe dynamic property of dependence. On
the other hand it is not efficient, in general cases, to describe probabilistic objects
such as marginal distributions, copulas, and conditional probabilities as in (3), when
min(sj1 , ..., sk) < max (x1, ..., xh).
Typically, both in applied probability and in the statistical literature, problems stud-
ied in terms of the m.c.h.r. functions are separated from those studied in terms of
joint survival functions, joint density functions, copulas, conditional distributions
and so on.

It is therefore interesting to single out conceptual problems, or applications, which
could be analyzed by comparing and/or combining the two different methods.
A discussion of the above-mentioned aspects will be presented in the first part of the
talk. It will be pointed out, in particular, that the m.c.h.r. functions can be useful
for studying the following objects:

• the marginal probability distributions of minima of the form M1:A := minj∈AXj

and probabilities αi(A) of events of type (M1:A = Xi), forA ⊆ [n] ≡ {1, 2, ..., n},
i ∈ A

• the probability distribution of the vector of the order statistics

• the probability distribution of the discrete random vector J ≡ (J1, ..., Jn) where,
for i, r ∈ [n],

Jr = i⇔ Xi = Xr:m.

We will also recall the definition of the afore-mentioned load-sharing models.
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The second part of the talk will be devoted to an overview of some recent results
and applications.
First we show a characterization of the condition of exchangeability in terms of the
m.c.h.r. functions. This topic suggests some natural generalizations of exchange-
ability that still maintain relevant properties of symmetry. Discussion and examples
will be based on the case of load-sharing models. Such models can be used also
to establishing a comparison between the notion of exchangeability and the weaker
notion of Minimal Stability. The latter is equivalent to identical marginal distribu-
tions for X1, ..., Xn combined with Diagonal Dependence of the survival copula. It is
interesting the circumstance that such notion can be analyzed in terms of both the
two different methods.
Other topics, to be surveyed as much as time permits, can be described as follows.
Concerning with the marginal survival functions G1:n, ..., Gn:n of the order statistics,
in the specific case of Minimal Stability, we will consider different expressions re-
spectively obtained in terms of the m.c.h.r. functions and of the diagonal sections
of K. The comparison between the two expressions allows one to establish a bridge
between the two methods and permits to combine them in the study of the order
statistics.
The method of the m.c.h.r. functions and the special case of load-sharing mod-
els, also suggest introducing the concept of reversed multivariate conditional hazard
rate (r.-m.c.h.r.) functions. Possible applications of r.-m.c.h.r. functions emerge in
the analysis of the maximum among dependent variables and of inactivity times of
coherent reliability systems.
Finally we aim to focusing on paradoxes related to the family of probabilities αi(A).
The connection with paradoxes of voting theory will be sketched and related appli-
cations of load-sharing models will be briefly illustrated.
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Characterization of distributions based on shape measures
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Abstract

Three functional measures are introduced to examine the shape of univariate distri-
butions based on the convex transform order. The first two ones are weighted tail
indices and the third one is a skewness measure. We will present the main properties
and show some examples. Also we will discuss the problem of estimation. Finally,
we will show how these functional can be useful to characterize some classical distri-
bution families as the generalized Pareto distribution or extreme value distributions.

Keywords: Convex transform order, kurtosis measures, shape measures, skewness
measures, stochastic orders, tail weight, generalized Pareto distributions, extreme
value distributions.
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Abstract

Generalized order statistics (GOS) is a concept introduced by Kamps [7] as a way
of unifying various types of order statistics, and m-GOS is a special case of GOS, so
that the marginal distributions can be obtained [7].
If we consider a sample from a bivariate distribution and an order statistics for the
X’s, the corresponding Y’s are the concomitants of the order statistics [3]. Concomi-
tants of FGM-family have been studied, including their information measures, see
for example [2]. In this presentation we will take into consideration one of the Gum-
bel’s bivariate exponential distributions [6] for which properties of the concomitants
were derived in [1]. We will analyze the properties of these concomitants from the
uncertainty point of view, i.e. obtaining some information measures such as classical
Shannon [8] and Tsallis [10] entropies, but also their dynamic versions, residual [5]
and past [4] entropies that have significance in the study of lifetime data. Therefore
some applications of concomitants in Reliability are also discussed.
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erties of their components

Barry C. Arnolda, Tomasz Rychlikb and Magdalena Szymkowiakc

aDepartment of Statistics, University of California, Riverside, USA
bInstitute of Mathematics, Polish Academy of Sciences, Warsaw, Poland
cInstitute of Automatic Control and Robotics, Poznan University of Technology, Poznań,
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Abstract

We discuss distributional properties of a system with components whose lifetimes are
identically distributed, and their joint distribution admits the Samaniego signature
representation. We present the sufficient and necessary conditions on the system
signatures under which the monotone failure rate and density of the components
lifetimes are inherited by the system lifetime distribution.
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Abstract

Preventive maintenance is one of the most popular maintenance strategies in relia-
bility theory, whose purpose is to prevent system failure before it occurs. Most of
the research works on optimal strategies for preventive maintenance have considered
systems consisting of the same type of components. Recently, Hashemi et al. [2]
investigated coherent systems with multiple types of independent components. In
real situations, units never operate in isolation and can even share workloads, so it is
important to take these dependencies into account. For the case of dependent com-
ponents, Eryilmaz and Ozkut [1] investigated two optimization problems for parallel
systems with multiple types of components. Specifically, they provided analytical
expressions for two average cost rate functions, one for the optimal number of com-
ponents and another for the optimal replacement time before system failure. In all
these cases, the researchers compute numerically the optimal values for some specific
cases, in order to optimize the corresponding objective functions. However, they do
not provide any optimal solution valid for the general problem nor conditions that
ensure their existence and uniqueness.
In this poster, we discuss some challenging open problems and conjectures recently
proposed in [1] for parallel systems with dependent components of multiple types.
Moreover, we present necessary conditions for the existence of the unique optimal
value which minimizes the mean cost rate for two optimization problems.
The results presented in this poster have been recently accepted for publication in
Reliability Engineering and System Safety.

Funding. This work was partially supported by Ministerio de Ciencia e Innovación
of Spain under grant number PID2019-108079GB-C22/AEI/10.13039/501100011033.
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Assessing Cyber Risks of PMU Network in a Smart Grid
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Abstract

The phasor measurement units (PMU) network has been utilized to monitor the
system operation of a smart grid in recent decades. This brings a significant cyber
risk for the power grid. In this talk, we discuss the risk levels of PMUs over the
network which faces the cyber threats while considering the observation errors. The
risk mitigation strategies for improving the safety levels of PMUs are also discussed.
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